Abstract. This study investigates the lateral buckling of pipelines on a rigid seabed under temperature and internal pressure, regardless of the e ects of waves and currents. The analytical results in some cases are compared with the numerical results obtained from ABAQUS software. Then, the in uence of e ective parameters (such as internal pressure, friction, initial imperfection, diameter and thickness of the pipe, and the pipe material) on the lateral buckling of pipelines on a rigid seabed is evaluated in order to determine the level of importance. The most important results indicate a reduced possibility of lateral buckling with an increased coe cient of friction between the pipe and seabed, reduction of the internal pressure, and reduction of the amplitude of the initial imperfection in the pipeline. For example, compared to the models with coe cients of friction equal to 0.5 and 0.3, safety temperatures in the model with a coe cient of friction equal to 0.7 have increased by 13.6% and 50%. Compared to the models with initial imperfections equal to 0.3, 0.5, and 0.7 m, safety temperatures in the model with an initial imperfection of 0.1 m have increased by 4.49%, 15.32%, and 40.65%.
Introduction
A pipeline can buckle either upwards (`upheaval buckling') or sideways (`lateral buckling'), similar to column buckling in steel frames. Driving force is a longitudinal compressive force in the pipeline wall and the uid it contains. In general, the mentioned force has two components: pressure and temperature. If a pipeline is free to move longitudinally, the resultant longitudinal force over a cross-section will be zero, because the longitudinal compressive force in the uid is balanced by an equal and opposite longitudinal tensile force in the pipe wall. The longitudinal compressive force in the pipe can lead to global buckling of o shore pipelines. An increase in pipe wall temperature makes the pipe material expand. If the longitudinal movement is prevented or constrained, the material goes into compression, and longitudinal compressive force is created in the pipe. An increase in the internal pressure induces a tensile hoop stress in the pipe wall and an accompanying tensile hoop strain. If the longitudinal movement is prevented or constrained, the material goes into tension; in addition, the longitudinal tensile force is the longitudinal tensile stress in the pipe wall multiplied by the cross-section area of the wall. However, in addition to the tensile force in the pipe wall, there is also longitudinal compressive force in the contents equal to the cross-section of the contents (the internal area of the pipeline), multiplied by the pressure. The longitudinal compressive force in the contents is greater than the longitudinal tensile force in the wall; hence, the resultant longitudinal force is compressive [1] . Lateral buckling generally occurs in unburied pipelines, because they often have less resistance to sideways movement than to upward movement. A pipeline moves sideways against the friction of whatever it is lying on, whereas if it lifts upwards, its own weight resists the movement. Many marine pipelines are not trenched or buried; hence, lateral buckling mostly occurs in marine pipelines [2] . The problems that occurred in railway tracks more than 70 years ago, together with the analysis done by Kerr [3] , are very closely related to thermal buckling problems in pipelines. Hobbs [4, 5] presented a summary of the basic models of buckling in a long pipeline under high temperature and internal pressure on a rigid seabed in 1981 and 1984. Based on the main result found by Hobbs, temperature for lateral buckling is lower than that for vertical buckling and, in fact, indicates higher importance of lateral buckling in comparison with vertical buckling. Taylor and Gan [6] presented an analytical solution for imperfect pipelines in 1986. The results showed a reduction in buckling temperature with the increased amplitude of the initial imperfection. Palmer et al. [7] demonstrated through a small-scale test that the constraint of expansion of a pipeline due to the increasing internal pressure could induce vertical buckling. Peek and Yun [8] presented analytical expressions for triggering such lateral buckles by applying buoyancy to the pipeline. They solved the design problem of establishing the required amount of buoyancy for a given axial load at which the buckle must be triggered. The analytical results were based on a at seabed, theory of moderately large de ections, and elastic pipe behavior. Wang et al. [9] extended an analytical solution for the vertical pipeline buckling on a rigid seabed to a soft seabed and, then, illustrated and analyzed the e ects of soil resistance on pipeline stability, buckling mode, and amplitude. They concluded that if soft soil is detected in a subsea pipeline route, downward buckling may occur, instead of the conventional upheaval buckling. Karampour et al. [10] investigated the lateral and upheaval buckling of subsea pipelines. For lateral buckling, they compared analytical results based on an isolated half-wave length model and the nite-element results from a long pipe with those of a nonlinear pipe-soil interaction model. They concluded that some of the previously published results do not agree with the current analytical and numerical results.
Liu et al. [11] used four numerical simulation methods based on the nite-element method (2D implicit, 2D explicit, 3D implicit, and 3D explicit methods) to simulate the pipeline global buckling in di erent temperatures. The comparison indicated that the results obtained using the 2D implicit and 2D explicit methods were similar, and the results obtained using the 2D implicit method were closer to those obtained using traditional analytical solutions. Karampour and Albermani [12] presented experimental and nite-element results for propagation buckling, pure bending, and buckle interaction in subsea pipelines. They conducted the analysis using both transient and steady-state conditions and, then, highlighted the vulnerability of subsea pipelines to buckle the interaction, particularly in deep waters. Wang et al. [13] studied static and dynamic responses of upheaval buckling of unburied subsea pipelines in both 2D and 3D. The results showed that for bifurcation of upheaval buckling, the predicted buckling temperatures of those models were all acceptable with an error of 5%. Hong et al. [14] proposed a lateral global buckling failure envelope for deep-water high-temperature and high-pressure pipelines using a numerical simulation analysis. They concluded that pipelines with larger diameters, larger soil resistance coe cients, larger calculating lengths, and thinner wall thicknesses were more likely to fail after buckling. Feng et al. [15] reported the experimental investigation of a method used for distributed detection of lateral buckling in subsea pipelines with a Brillouin ber optic sensor. They validated the feasibility of the method by using an experimental program on a small-scale model pipe. The results demonstrated that the proposed approach was able to detect the onset and progress of lateral buckling in the pipelines. Li et al. [16] deduced an analytical solution for the lateral buckling in the entire design region. RSM was adopted to improve the numerical stability and calculation e ciency. They presented a framework for buckling control using distributed buoyancy sections and demonstrated several illustrative examples, proposing that the method has high e ciency and accuracy in solving the problem of the lateral buckling control. Shahandeh and Showkati [17] investigated buckling and post-buckling behavior of ring-sti ened pipelines on a small scale through experiments and the Finite-Element Method (FEM). Their results indicated that increasing the number of ring-sti eners greatly increases the buckling capacity and lateral displacement of the pipeline. Zhang et al. [18] established Finite-Element Models for imperfect PIP systems on the basis of 3D beam element and tube-to-tube element in ABAQUS. They conducted a parametric study of the e ect of these parameters on the critical axial force and post-buckling forms. These parameters include structural parameters (such as imperfections, clearance, and bulkhead spacing), pipe/soil interaction parameters (such as axial and lateral friction properties between pipeline and seabed), and the load parameter's submerged weight. They used Python as a programming language to realize parametric modeling in ABAQUS. Some of their conclusions were obtained that can provide a guide for the design of PIP pipelines. In this study, the lateral buckling of pipelines on a rigid seabed under temperature and internal pressure is discussed regardless of the e ects of waves and currents. The analytical results in some cases are compared with the numerical results obtained from ABAQUS software. Then, the in uence of e ective parameters on lateral buckling of the pipelines on a rigid seabed is evaluated in order to determine the level of importance. The parameters a ecting the pipeline lateral buckling, such as internal pressure, friction, initial imperfection (for di erent imperfection amplitudes), diameter, thickness, and the material of the pipe on the safety temperature, the axial expansion, the buckling amplitude, and the e ective axial force, are examined.
2. The equations governing the lateral buckling of o shore pipelines on a rigid seabed This paper introduces the analytical solutions proposed by Hobbs for lateral buckling. Hobbs [4] presented a summary of basic buckling models in a long pipeline. In the model, the cross-sectional area of the pipe is denoted by A, Young's Modulus by E, the coe cient of linear thermal expansion by , the pipe wall thickness by t, the pipe radius by r, and the temperature change by T ; the force created by the full restraint of thermal expansion is as follows:
The free axial strain, ", due to a positive pressure di erence, p, between the uid pressure in the pipe and the external pressure is as follows:
where is the Poisson's ratio. The force created by the full restraint of the axial strain is follows: ; (5) where P is the axial load in the buckle, P 0 is the axial load away from the buckle, ' is the coe cient of friction between pipe and subgrade, L is the buckle length, and w is the submerged weight of the pipeline. Maximum amplitude of buckle,ŷ, buckle length for the minimum axial load away from buckle,L, and maximum bending moment,M, at x = 0, are presented as follows, and the constants for the lateral buckling modes are presented in Table 1 : 
3. Geometry and materials considered for the pipeline
The design parameters of the pipeline for an analytical solution and a numerical evaluation in this paper are shown in Table 2 . The steel pipe is an API 5L X65 grade oil pipeline. This type of steel is named by the American Petroleum Institute. The concrete is used as pipe protective coating. The properties of the steel are listed in Table 3 . Tables 2  and 3 , on a rigid seabed under internal pressure and temperature, using Hobbs equations and assuming a friction coe cient of 0.5. Figure 2 shows that buckles in mode 3 are possibilities at 42 C. Given the buckle amplitude shown in Figure 2 at the beginning of the buckling, the values of buckle length, bending moment, and the axial force can be calculated using Eqs. (7), (8) , and (4), respectively. The results of these calculations are included in Table 4 . By comparing the resulting stress with the yield point of an API X65 grade line, mode 3 is clearly the most critical one with 88% yield. In addition, maximum buckle amplitude and maximum bending stress occur in this mode. 
Modeling the problem using ABAQUS software
In order to ensure the accuracy of the modeling, rst, the nite-element model of the pipe, whose geometry is presented in Table 2 and material properties listed in Table 3 , examined in the section of analytical solution, is modelled using ABAQUS nite-element software [20] for the lateral buckling mode of pipelines on a rigid seabed. Then, the results obtained from the software are compared with those obtained from the analytical solution.
Geometry of the model
A 5-km-long pipeline is considered for modeling. Beam elements are used to model the pipe. Beam elements are used when one dimension of the desired construction (length) is signi cantly higher than the other two dimensions. It is necessary that the cross-sectional dimensions of the construction be 0.1 times smaller than the length so that the beam theory can provide acceptable solutions. Regarding the beam's elements, it is assumed that the planes perpendicular to the beam axis remain as planes after deformation. In the modeling, the seabed is assumed an analytical rigid surface. Using analytical rigid seabed signi cantly reduces the size of computations. Since rigid seabed is considered without any elevation or degradation, this paper proposed the use of this kind of seabed.
Initial imperfection in the pipe
No buckling occurs in a direct pipeline, which has no out-of-straightness. In order to generate buckling in the pipe, an initial imperfection with the length of 100 meters and amplitude of 10 cm is applied to the pipe. In order to generate imperfection in the pipe, the pipe-buckling modes should be carried out using buckle analysis. The initial imperfection is shown in Figure 4 , which is plotted for 1000 m in the middle of the pipe. Then, the static risk analysis is applied. The analysis procedure is based on the non-linear buckling analysis.
Pipe-soil interaction
The interaction between pipe and soil is modeled by the de nition of the friction between the pipe and the seabed. The Coulomb model is used to model the frictional behavior of the soil. The friction coe cients in both axial and transverse directions are assumed identical in the presented equations, and the coe cient of friction in both directions is chosen as 0.5. Hence, this type of modeling may increase the computations; however, it is the best option to model the pipe in its actual length.
Loading and boundary conditions
Degree of freedom is constrained at both ends of the pipeline in order to apply loading. The internal pressure is applied to the pipe and the temperature is increased along the pipe. Temperature rise induces the axial force in the pipe; however, it does not deform the pipe before buckling. The initial seabed temperature is assumed 13 C, which is increased up to 90 C.
Pipe's element
According to DNV standard recommendation, the length should typically be in the order of one diameter, where the buckle is expected to occur and may be longer in straight portions [21] . Therefore, elements with a 0.5 m length are selected for the entire pipe in the modeling. The pipe is 5 km long, and each element is 0.5 m long (10000 elements). For elements smaller than 0.5 m, the response would not vary. PIPE31 element is used for the pipes. This element is a twonodal three-dimensional element. It has a thin-walled circular cross-section, which has the capability to apply internal pressure [19].
Results of analysis
The result of the lateral buckling modeling of the pipeline in ABAQUS at the beginning of the buckling is shown in Figure 5 . As seen in the gure, the maximum bending stress in the pipeline buckle section is lower than the yield stress of steel. Figure 6 shows the relationship between the temperature and the amplitude of buckling in the lateral buckling analysis obtained from the analytical result and the numerical analysis. The resulting curve is Ushaped. This means that there are two possible buckle lengths for one temperature change. If the initial imperfection were small in the pipe, the gure would be U-shaped. The branch A-B is actually an unstable equilibrium path. The stable equilibrium path begins when the temperature is 45.15 C and the buckling amplitude equals 1.27 m. The temperature at which a stable equilibrium path starts, i.e. the minimum temperature at which the lateral buckling begins, is called the safety temperature. Branch B-C is a stable equilibrium path. In fact, this is the path at which the buckling occurs in the pipeline, called the post-buckling path. Figure 7 shows error in temperature versus the buckling amplitude curve obtained from software results, compared to the analytical solution. As shown in the gure, the error is less than 10%, and when the temperature increases, the di erence between the two diagrams will be greater. Considering that the analytical equations are proposed for a straight pipeline and according to the fact that the pipeline model has an initial imperfection, the obtained results are acceptable and consistent with those obtained from Hobbs relationships. Figure 8 shows deformation of the pipe at the beginning of buckling. This gure is drawn for 600 m in the middle of the pipeline. According to the results obtained from the numerical analysis, it is observed that mode 3 is the prevailing mode.
The pipe buckling amplitude changes due to the heat for unstable equilibrium, as shown in Figure 9 (a). According to the gure, if the temperature decreases in unstable equilibrium, the buckling amplitude and length increase. Deformation of the pipe due to temperature di erence for stable equilibrium is shown in Figure 9 (b). According to the gure, the buckling amplitude and length increase by increasing the temperature.
The pipeline located on the seabed is under the in uence of high temperature and pressure and has a tendency for expansion and elongation. If expansion of the pipe is restricted between the pipe and the seabed, for example by the friction force, longitudinal axis force will be applied to the pipeline. In this mode, the pipeline is deformed under the compressive axial force applied to the pipe caused by the temperature and pressure loading.
Figure 10(a) shows the e ective axial force at the buckling point versus the buckling amplitude obtained from the analytical solutions and the software results. As observed in the gure, the e ective axial force decreases during the analysis following the occurrence of the buckling in the pipeline, because the pipeline is axially displaced at the direction of the resulting buckling. Then, the frictional force mobilized due to this displacement decreases and, then, the e ective axial force releases. In fact, pipe deformation decreases the e ective axial force at the buckling point.
Figure 10(b) shows the e ective axial force at a farther point to buckling (the pipe end) versus the buckling amplitude obtained from the analytical solutions and the software results. As can be seen in the gure, the value of the e ective axial force at the farther point to buckling at the beginning of buckling (at the stable equilibrium path), according to Hobbs calculations, is calculated as 3:01 10 6 N, while this value is obtained as 3:07 10 6 N based on the results of modeling. There is a 1.99% di erence between these two values. Changes in the e ective axial force at a farther point to buckling are proportional to changes in the temperature along the length of the pipeline. In fact, the value of this force decreases by decreasing the temperature (the unstable equilibrium path), while it increases by increasing the temperature. Figure 11 shows errors in the e ective axial force obtained from the software results compared to the analytical solution method at both the buckling point and the farther point to buckling. According to Figure 11(a) , it is observed that the values of the e ective axial force at the buckling point initially obtained from both methods are about 10% di erent. However, the two graphs almost overlap.
The e ective axial force at the father point to buckling obtained by both methods (Figure 11(b) ) shows less than 10% di erence relative to each other at the unstable equilibrium path. If the temperature decreases further, there will be less di erence between the two graphs until the beginning of the lateral buckling. Then, the two graphs overlap and, with further increase in temperature, there is a greater di erence between the two graphs. Figure 12 . E ective axial force along length of the pipe. Figure 12 shows the e ective axial force along the length of the pipe for di erent temperatures. In this gure, 110 C and 128 C occur before the unstable equilibrium path. In this region, the e ective axial force increases by increasing the temperature until it reaches the maximum force. Then, the unstable equilibrium starts. In addition, 55 C and 85 C also refer to the unstable equilibrium path. In this path, the e ective axial force decreases by decreasing the temperature. It should be noted that 45 C temperature is the safety temperature, which refers to the time that the lateral buckling occurs in the pipe. Then, by increasing the temperature (52 C and 62 C), the e ective axial force decreases at the buckling points, while this force increases at the farther point to buckling.
Since the lateral buckling is considerably important in o shore pipelines on a rigid seabed, the in uence of several parameters on the lateral buckling is investigated to determine the level of importance. The evaluated parameters of the lateral buckling of the pipeline on a rigid seabed are e ect of internal pressure, e ect of friction, e ect of initial imperfection, e ect of diameter and thickness of the pipe, and, nally, e ect of pipe material.
Internal pressure
The internal pressure to be used in designing a piping system for liquid, gas, or in two phases, shall be larger than the maximum pressure of the operation as well as the pressure resulting from the hydrostatic test. The lateral buckling is studied for three pipe modes regardless of internal pressure, design's internal pressure of 6 MPa, and internal pressure of 10 MPa. Figure 13 shows the results of the internal pressure in the pipe. As shown in the gure, increasing internal pressure signi cantly reduces the safety temperature. In fact, by increasing internal pressure, buckling is more likely to occur. Safety temperature in the main model (internal pressure equal to 6 MPa) is 45.15 C. Safety temperatures are equal to 38.84 C and 54.62 C in models with internal pressure equal to 10 MPa and without internal pressure, respectively. The safety temperature in the model without internal pressure has increased by 21% and 40%, compared to the models with internal pressures equal to 6 MPa and 10 MPa.
Increasing pressure has a signi cant e ect on the buckling amplitude, and buckling amplitude increases by increasing pressure. For a better comparison, the buckling amplitude values at 60 C are drawn in Figure 14 . The buckling length also increases by increasing pressure. The buckling amplitudes in the models with internal pressures equal to 10 MPa and 6 MPa are 5.59 and 3.85 m, respectively. In addition, the buckling amplitude in the model without internal pressure is equal to 2.56 m. The buckling amplitude in the model with internal pressure equal to 10 MPa is respectively 1.45 and 2.17 times higher than those in the models with internal pressure equal to 6 MPa and without internal pressure.
The e ect of internal pressure on the axial extension at 60 C is shown in Figure 15 . According to the gure, the axial expansion increases by increasing pressure because applying internal pressure leads to a lower temperature to start the buckling. Then, the buckling occurs earlier and the e ective force decreases further, leading to higher increase in the axial expansion in the pipe. The maximum value of the axial expansion in the model without internal pressure is 0.17 m; it is 0.37 m in the model with internal pressure equal to 6 MPa; it is 0.59 m in the model with internal pressure equal to 10 MPa. Axial expansion in the model with internal pressure equal to 10 MPa is, respectively, 1.59 and 3.47 times higher than the models with internal pressure equal to 6 MPa and without internal pressure.
Changes in the e ective axial force at 60 C are shown in Figure 16 . A further decrease in the e ective axial force can be observed clearly in this gure. The e ective axial force at the buckling point in the model without internal pressure is 1:45 10 6 N; it is 1:13 10 6 N in the model with internal pressure equal to 6 MPa; it is 8:3 10 5 N in the model with internal pressure equal to 10 MPa. The e ective axial force in the model with internal pressure equal to 10 MPa has decreased respectively by 25% and 42%, compared to the models with internal pressure equal to 6 MPa and without internal pressure.
Friction between the pipe and the seabed
In the analysis of the buckling, the friction coe cient is a parameter of vital importance. The friction force is the only limitation in deformation of unburied pipelines and is used as a boundary condition in calculations. Therefore, the condition of friction coe cient has a great impact on the buckling characteristics. To identify the e ects of friction coe cient on the lateral buckling of a pipeline on a rigid seabed, di erent friction coe cients (0.7, 0.5, and 0.3) with the assumption of equal friction at both axial and lateral directions are studied. Figure 17 shows that the safety temperature increases by increasing the friction coe cients. The safety temperature in the model with a friction coe cient equal to 0.5 is 45.15 C, while in the model with friction coe cients equal 0.3 and 0.7, safety temperatures are 35.29 C and 51.30 C, respectively. In fact, safety temperature in the model with a 0.7 coe cient of friction has increased respectively by 13.6% and 50% compared to the models with 0.5 and 0.3 coe cients of friction. Changes in the buckling amplitude due to various coe cients of friction at 60 C are shown in Figure 18 . According to this gure, the buckling amplitude and length decrease by increasing the friction coe cients. The buckling amplitude in the model with a friction coe cient equal to 0.3 is 5.62 m; it is 3.85 m in the model with a friction coe cient equal to 0.5, and it is 2.86 m in the model with a friction coe cient equal to 0.7. In fact, the buckling amplitude in the model with a friction coe cient equal to 0.3 is respectively 1.45 and 1.96 times higher than the models with friction coe cients equal to 0.5 and 0.7.
The e ect of the friction coe cient on the axial expansion at 60 C is shown in Figure 19 . As seen in the gure, the axial expansion increases by decreasing the friction coe cient, because the buckling occurs at a lower temperature by decreasing the coe cient of the friction and, then, the e ective axial force further decreases. In fact, the results indicate that the larger friction coe cients caused less possibility of pipeline buckles. The axial expansion in the model with a friction coe cient equal to 0.3 is 0.76 m; it is 0.37 m in the model with a friction coe cient equal to 0.5; it is 0.21 m in the model with a friction coe cient equal to 0.7. In fact, the axial expansion in the model with a 0.3 coe cient of friction is, respectively, 2.05 and 3.62 times higher than the models with 0.5 and 0.7 coe cients of friction. A further decrease in the e ective axial force due to a decrease in the coe cient of friction at 60 C is shown in Figure 20 . The e ective axial force at the buckling point in the model with a friction coe cient equal to 0.3 is 7:14 10 5 N; it is 1:13 10 6 N in the model with a friction coe cient equal to 0.5; it is 1:53 10 6 N in the model with a friction coe cient equal to 0.7. The e ective axial force in the model with a friction coe cient equal to 0.3 has decreased, respectively, by 36.81% and 53.33%, compared to the models with friction coe cients equal to 0.5 and 0.7.
Initial imperfection in the pipe
Buckling can occur in the pipe due to the initial imperfection during pipe installation. In this section, a set of modeling results relevant to various structural imperfections based on Table 5 as well as the relevant deformations are presented to evaluate the e ect of the initial imperfection on the lateral buckling. Figure 21 highlights di erent initial imperfection amplitudes versus the length of the pipe considered in the niteelement simulations. Figure 22 presents the temperature di erence against the buckle amplitude curves. As already cited, the curves in Figure 22 look U-shaped. If the amplitude of the initial imperfection in the pipe is small, the temperature against the buckling amplitude curves in the pipeline with initial imperfection will be the same as the direct pipeline. In fact, for small initial imperfections, two stable and unstable equilibrium paths will be obtained. However, if the amplitude of the initial imperfection increases, the unstable equilibrium path changes signi cantly, so that only the stable equilibrium path (the post-buckling path) is obtained for the initial imperfection equal to 0.7 m, i.e. the safety temperature also decreases by increasing the amplitude of the initial imperfection. In general, it can be stated that, at the same temperature di erence, the likelihood of the lateral buckling increases in the pipeline with the larger amplitude of the initial imperfection. When the amplitudes of the initial imperfections are 0.1, 0.3, 0.5, and 0.7 m, the safety temperatures equal 45.15, 43.21, 39.15, and 32.10 C, respectively. In fact, the safety temperature in the model with the initial imperfection equal to 0.1 m has increased, respectively, by 4.49%, 15.32%, and 40.65% compared to the models with initial imperfections equal to 0.3, 0.5, and 0.7 m. expansion at 55 C is shown in Figure 24 . As can be seen in the gure, the axial expansion increases by increasing the initial imperfection amplitude, because the safety temperature decreases by increasing the initial imperfection. Initial out-of-straightness reduces the critical buckling force. Then, the pipe buckles at a lower compressive axial force; as a result, the axial expansion of the pipe will increase. Axial expansion rates at 55 C in the models with the initial imperfection's amplitudes equal to 0.1, 0.3, 0.5, and 0.7 m are 0.21, 0.24, 0.27, and 0.31 m, respectively. In fact, the axial expansion in the model with the initial imperfection equal to 0.7 m has increased by 14.81%, 29.17%, and 47.62% compared to the models with initial imperfections equal 0.5, 0.3, and 0.1 m, respectively. Further initial out-of-straightness has greater in uence on the buckling behavior of the pipeline. Figure 25 shows the e ective axial force versus the buckling amplitude. A decrease in the e ective axial force is observed in the gure by increasing the amplitude of the initial imperfection. The maximum values of the e ective axial force by increasing the initial imperfection's amplitudes are 9:11 10 6 , 3:84 10 6 , 2:54 10 6 , and 1:99 10 6 N.
Pipe diameter and thickness
This section investigates the e ect of pipe diameter and thickness on the lateral buckling of the pipeline on rigid seabed. For this reason, four pipe models with various diameters and thicknesses with the same ratio of diameter-to-thickness are used. The diameter-tothickness ratio in all of these pipes is equal to 43.3. The properties of these pipes are presented in Table 6 . Figure 26 shows the temperature versus the buckling amplitude curves for the lateral buckling of the pipe on rigid seabed for four models. According to the gure, it is observed that the safety temperature increases by increasing the pipe's diameter and thickness. In other words, it can be concluded that, at the same temperature di erence, the likelihood of lateral buckling in the pipeline with a larger outer diameter and thickness is less than that of the pipeline with a smaller outer diameter and thickness. The safety temperatures of the model with outside diameters equal to 0.4 m and 0.65 m are 34.3 C and 45.15 C, respectively; it is 50.28 C in the model with an outside diameter equal to 0.8 m; it is 55.78 C in the model with an outside diameter equal to 0.9 m. In fact, the safety temperature in the model with an outside diameter equal to 0.9 m has increased, respectively, by 62.62%, 23.54%, and 10.94% compared to the models with outside diameters equal to 0.4, 0.65, and 0.8 m.
The relationship between the buckle shape and the length of the pipelines with various diameters and thicknesses for 60 C in the post-buckling stage is shown in Figure 27 . The results indicate that the buckling amplitude increases by decreasing the pipe's diameter and thickness. Buckling length also increases by increasing the diameter and thickness of pipe. The buckling amplitudes of the model by increasing the outside diameter are 4.00, 3.85, 3.38, and 2.90 m, meaning that the buckling amplitudes in the model with an outside diameter equal to 0.4 are 1.04, 1.18, and 1.37 higher than models with outside diameters equal to 0.65, 0.8, and 0.9, respectively. Figure 28 shows the axial expansion at 60 C to evaluate the e ect of the outside diameter and thickness of the pipe. As observed in the gure, the axial expansion increases by decreasing the outside Figure 29 . A decrease in the e ective axial force by reducing the outer diameter and thickness of the pipe is depicted in this gure. Decreasing the outer diameter and thickness of the pipe reduces the critical buckling load. Then, the pipe buckles at a lower compressive axial force. The maximum values of the e ective axial force in the model with outside diameters equal to 0.4, 0.65, 0.8, and 0.9 are 3:44 10 6 , 9:11 10 6 , 1:52 10 7 , and 2:11 10 7 N, respectively. 5.6.5. Pipe's material As previously mentioned, one of the most important parameters of the design of o shore pipelines is the material of the pipe. Therefore, the e ect of the pipe's material on the lateral buckling of the pipelines on rigid seabed is investigated. To investigate the impact of the pipe's material, two grades of steel are used. Their properties are shown in Table 7 . The stress-train curves of X65-grade and X80-grade pipes are assumed, as shown in Figure 30 . Figure 31 shows the temperature di erence versus the buckling amplitude for the lateral buckling of the pipeline on rigid seabed for two models. According to this gure, it is observed that the unstable equilibrium path does not change by changing the steel grade. In addition, the safety temperature is the same for both types of steel. The only di erence is observed in the post-buckling stage or the stable equilibrium path. In other words, it can be concluded that, at the same temperature di erence, the likelihood of lateral buckling is the same for both types of steel. The temperature to start buckling in both models is 45.14 C. The behavior of the pipe is di erent only at temperatures higher than the safety temperature. The buckling amplitude against the length of the pipelines for 80 C in the post-buckling stage is shown in Figure 32 . The result indicates that the buckling amplitude increases in the pipe after the beginning of buckling by increasing the temperature in the steel pipe with lower yield stress, compared to the steel pipe with greater yield stress. The buckling amplitude at 80 C in the pipe with lower yield stress is equal to 6.96 m, while this value is equal to 5.44 m in the steel pipe with greater yield stress. The buckling amplitude at the temperature of 80 C in the X65-grade pipe increases 27.94% higher than that in the X80-grade pipe. The length of buckling does not change by changing the type of steel as it can be seen in the gure. In other words, the length of buckling is independent of the selected steel type.
The axial expansion at 80 C to examine the e ect of the type of steel is shown in Figure 33 . As seen in the gure, the axial expansion in the steel pipe with lower yield stress slightly increases, as compared to steel pipe with greater yield stress. As a result, the e ective axial force further decreases in the pipe. The axial expansion in steel with lower yield is equal to 0.95 m, while this value is equal to 0.87 in the steel with greater yield stress. The axial expansion of the X65-grade pipe at 80 C increases 1.09 times higher than that of the X80-grade pipe. The e ective axial force versus the length of the pipe at 80 C is shown in Figure 34 . The e ective axial force in the steel pipe with lower yield stress slightly decreases, as compared to the steel pipe with greater yield stress. Then, the pipe buckles at lower compressive axial force. The e ective axial forces of the X65-and X80-grade pipes are 7:32 10 5 N and 9:17 10 5 N, respectively. The e ective axial force of the X65-grade pipe has increased by 25.27%, as compared to X80-grade pipe.
Conclusions
This study investigated and discussed the lateral buckling of the pipelines on rigid seabed under the temperature and internal pressure using ABAQUS software. The in uence of the e ective parameters on the lateral buckling of the pipelines was evaluated. Overall, lateral buckling occurred in pipelines with higher internal pressure, larger diameters and thicknesses, larger soil resistance coe cients, and larger initial imperfection amplitudes. By increasing yield stress, the likelihood of lateral buckling was the same for both types of steel, leading to better post-buckling behavior of the steel pipe. The main results in the range of variation of the parameters are as follows:
In the lateral buckling of the pipelines on rigid seabed under temperature and internal pressure, mode 3 is clearly the most critical one at some 88% of yield. In addition, maximum buckle amplitude and maximum bending stress occur in this mode; The e ective axial force decreases during analysis following the occurrence of the buckling in the pipeline; however, the e ective axial force at the farther point to buckling is proportional to temperature along the length of the pipeline. In fact, the value of this force decreases by decreasing the temperature (unstable equilibrium path), while it increases by increasing the temperature; By increasing the internal pressure, due to reduction in the safety temperature, the lateral buckling is more likely to occur. The buckling amplitude and buckling Length will increase. Safety temperatures in the model without internal pressure has increased, respectively, by 21% and 40%, as compared to the models with internal pressures equal to 6 MPa and 10 MPa. The axial expansion also increases by increasing the pressure;
The safety temperature increases and the buckling amplitude and length decrease by increasing the friction coe cients. The axial expansion also increases by decreasing pressure. In fact, based on the results' details, the larger friction coe cient caused low possibility of pipeline buckling. Thus, it would be prudent to reduce the design temperature change or to prevent lateral buckling by raising the e ective friction coe cient, perhaps by trenching the line;
For small-sized initial imperfections, two stable and unstable equilibrium paths will be obtained. However, if the amplitude of the initial imperfection increases, only the stable equilibrium path (postbuckling path) is obtained. The safety temperature decreases and the buckling length increases by increasing amplitude of the initial imperfection. Initial out-of-straightness reduces critical buckling force. Then, the pipe buckles at lower compressive axial force; as a result, axial expansion of the pipe will increase;
The safety temperature increases by increasing the pipe's diameter and thickness. The results also indicate that the buckling amplitude and buckling length increase by decreasing the pipe's diameter and thickness. The axial expansion increases by decreasing outside diameter and thickness;
The unstable equilibrium path does not change by changing the steel grade at the same temperature di erence. In addition, the safety temperature is the same for both types of steel, and the likelihood of lateral buckling is the same for both types of steel. In general, we can say that by increasing the yield stress, the steel pipe shows better postbuckling behavior. 
